
Transmission Line Electric Fields Derivation

Consider a very long, very thin, and straight transmission line 
in the X-Y plane some distance above ground.
How to describe the electric field around the line?
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look at it in the X-Y plane at any distance 
above ground…
assume that the line charge is positive 
and the linear charge density is the 
same for the entire length of the line.
like DC… will try to justify this 
assumption later.

𝑐ℎ𝑎𝑟𝑔𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦:

𝜌 =
𝑑𝑞

𝑑𝑦

𝑐𝑜𝑢𝑙𝑜𝑚𝑏𝑠

𝑚𝑒𝑡𝑒𝑟



Transmission Line Electric Fields (cont.)

Show two (2) methods for finding the electric field 
some distance from the center of the conductor

Method one (1): Coulomb’s Law
the electric field from a point charge is proportional 
to the charge and inversely proportional to the 
distance from the charge squared.
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the electric field is radial from 
the point charge in all directions
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𝑑𝐸𝑥

𝑑𝐸 =
𝑑𝑞

4𝜋𝜀0𝑟
2𝑑𝐸𝑦

𝑑𝑞 = 𝜌𝑑𝑦

r

𝑑𝐸 =
𝑑𝑞

4𝜋𝜀0𝑟
2
=
𝜌𝑑𝑦

4𝜋𝜀0𝑟
2

𝑟2 = 𝑥2 + 𝑧2

𝑑𝐸 =
𝜌𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

0

permeability of free space

𝜇0 = 4𝜋 × 10
−7
𝐻

𝑚

permittivity of free space

𝜀0 = 8.854 × 10
−12

𝐹

𝑚



Transmission Line Electric Fields (cont.)∞
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x

y
𝑑𝐸𝑥

𝑑𝐸𝑑𝐸𝑦

𝑑𝑞 = 𝜌𝑑𝑦

r

𝑟2 = 𝑥2 + 𝑦2

𝑑𝐸 =
𝜌𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

𝑑𝐸𝑥 = 𝑑𝐸 cos𝛼

cos𝛼 =
𝑥

𝑟

𝑑𝐸𝑥 =
𝜌𝑑𝑧

4𝜋𝜀0 𝑥
2 + 𝑦2

𝑥

𝑥2 + 𝑦2

𝑑𝐸𝑥 =
𝜌𝑥𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

3
2

𝛼
𝛼

get the horizontal and vertical components of the infinitesimally 
small electric field contribution

𝐸𝑥 =
𝜌𝑥

4𝜋𝜀0
 
−∞

∞

𝑥2 + 𝑦2
−3
2 𝑑𝑦

𝐸𝑥 =
𝜌𝑥

4𝜋𝜀0

𝑦

𝑥2 𝑥2 + 𝑦2
−∞

∞

𝐸𝑥 =
𝜌

4𝜋𝑥𝜀0

𝑦

𝑥2 + 𝑦2
−∞

∞

𝐸𝑥 =
𝜌

4𝜋𝑥𝜀0

∞

𝑥2 +∞2
−

−∞

𝑥2 +∞2

𝐸𝑥 =
𝜌

4𝜋𝑥𝜀0
1 + 1 =

𝜌

2𝜋𝑥𝜀0

sum up the contributions to get total electric field

𝑑𝐸𝑦 = 𝑑𝐸 sin𝛼

sin 𝛼 =
𝑦

𝑟

𝑑𝐸𝑦 =
𝜌𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

𝑦

𝑥2 + 𝑦2

𝑑𝐸𝑦 =
𝜌𝑦𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

3
2

𝐸𝑦 =
𝜌

4𝜋𝜀0
 
−∞

∞

𝑦 𝑥2 + 𝑦2
−3
2 𝑑𝑦

𝐸𝑦 =
−𝜌

4𝜋𝜀0

1

𝑥2 + 𝑦2
−∞

∞

𝐸𝑦 = 0 (𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 𝑠ℎ𝑜𝑤𝑠 𝑖𝑡)

𝐸𝑥 =
𝜌

2𝜋𝑥𝜀0

this derivation gives the 
E field some distance
in the x direction

𝐸𝑧 =
𝜌

2𝜋𝑧𝜀0

had we considered the 
E field in the z direction…
would yield same result

we can change notation and 
say that the E field is inversely 
proportional to some radial 
distance “r” from the conductor

𝐸 =
𝜌

2𝜋𝑟𝜀0
 𝑟

0

Method one (1): Coulomb’s Law



Method two (2): Gauss’s Law
the electric flux through any closed surface 
is proportional the total charge inside
(only works if charge density is constant)

 𝐸 ∙ 𝑑  𝐴 =
𝑄𝑖𝑛𝑠𝑖𝑑𝑒
𝜖0

𝑡𝑜𝑡𝑎𝑙 𝑐ℎ𝑎𝑟𝑔𝑒 𝑜𝑛 𝑡ℎ𝑖𝑠 𝑙𝑒𝑛𝑔𝑡ℎ 𝑜𝑓 𝑙𝑖𝑛𝑒 𝑖𝑠:

𝑄𝑖𝑛𝑠𝑖𝑑𝑒 = 𝜌 
0

𝑙

𝑑𝑙 = 𝜌𝑙

𝑠𝑖𝑛𝑐𝑒 𝐸 𝑖𝑠 𝑝𝑎𝑟𝑎𝑙𝑙𝑒𝑙 𝑡𝑜 𝑑  𝐴 𝑒𝑣𝑒𝑟𝑦𝑤ℎ𝑒𝑟𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑠𝑢𝑟𝑓𝑎𝑐𝑒:

𝐸 ∙ 𝑑  𝐴 = 𝐸𝑑𝑎

 
0

𝑙

𝐸𝑑𝑎 = 2𝜋𝑟𝐸  
0

𝑙

𝑑𝑙 =2𝜋𝑟𝐸𝑙

∴

2𝜋𝑟𝐸𝑙 =
𝜌𝑙

𝜖0

𝐸 =
𝜌

2𝜋𝑟𝜖0

Transmission Line Electric Fields (cont.)

𝑑  𝐴 = 2𝜋𝑟𝑑𝑙
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𝑙

𝐸

𝐸 =
𝜌

2𝜋𝑟𝜀0
 𝑟 much easier than using Coulombs’s Law



Transmission Line Electric Fields (cont.)
try to justify why using an infinitely long line is ok

𝐸𝑥 =
𝜌

4𝜋𝑥𝜀0

𝑦

𝑥2 + 𝑦2
−∞

∞

Go back to Coulomb’s Law where we found
the total electric field for an infinitely long line:

and consider a line of finite length = 𝑙

𝐸𝑥 =
𝜌

4𝜋𝑥𝜀0

𝑦

𝑥2 + 𝑦2 −𝑙
2

𝑙
2
=

𝜌

2𝜋𝑥𝜀0

𝑦

𝑥2 + 𝑦2
0

𝑙
2

𝐸𝑥 =
𝜌

2𝜋𝑥𝜀0

𝑙
2

𝑥2 +
𝑙
2

2

If half the line length is much greater than the distance 
of the point of interest away from the line:

𝑖𝑓:
𝑙

2
> 10𝑥

𝐸𝑥 ≈
𝜌

2𝜋𝑥𝜀0

𝑙
2

𝑙
2

2

=
𝜌

2𝜋𝑥𝜀0
𝐸𝑥 ≈

𝜌

2𝜋𝑥𝜀0

very close to the same result, and this is easily satisfied.
only interested in the fields within 20m of the line or so…
and transmission lines will always be greater than 400m.



Transmission Line Electric Fields (cont.)

is using a constant charge density ok when 
we are considering sinusoidal current (AC) transmission lines?

Assumptions:
• the line is sourced from the left and the load is some distance down the line to the right
• operating frequency is f = 60 Hz (period = T = 16.67 ms)
• conductor is aluminum with permeability = 𝜇0 permittivity = 𝜀0

the electromagnetic energy wave will propagate down the line at a velocity =
1

𝜇0𝜀0
= 𝑐 (speed of light)

How far does the wave travel in one period?

𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 ∗ 𝑡𝑖𝑚𝑒 = 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑦 = 𝑐𝑇 =
𝑐

𝑓
=
3 ∗ 108

60
= 5000 𝑘𝑚 (3107 𝑚𝑖)

𝑡ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑤𝑎𝑣𝑒𝑙𝑒𝑛𝑔𝑡ℎ = 𝜆

𝜆 =
𝑐

𝑓

5000 km
3107 mi

+++ + + +  +  +  +  +   +   +   + - - - - - - - - - - ----- - - - - - - - - - -

𝜌𝑚𝑎𝑥

𝑦
∞

𝑥

𝜌(𝑦)

+   +   +   +  +  +  +  + + + +++



Transmission Line Electric Fields (cont.)

Say we are interested the E fields less than some r distance away from the line.
Another way to state the infinite line assumption is that only about ± 10r length of the line 
at that point has significant contribution to the E fields.
we are only interested in the E fields within about 20m or so from  a three phase line configuration.
So we have to ask…
Could the line charge density of ± 200m of line be considered constant?
Probably a better way to ask it…
How much does the charge density change over 400m of line length?

What we are actually wanting to know is…
what portion of the wavelength is 400m?

400𝑚

5000𝑘𝑚
=

𝜆

12000

It seems reasonable to assume that the charge density does not change much 
over 0.008% of the wavelength

But let’s look a little closer

evaluating constant charge density assumption

5000 km

+++ + + +  +  +  +  +   +   +   + - - - - - - - - - - ----- - - - - - - - - - -

𝜌𝑚𝑎𝑥

𝑦
∞

𝑥

𝜌(𝑦)

+   +   +   +  +  +  +  + + + +++



Transmission Line Electric Fields (cont.)

𝑙𝑒𝑡 𝑡ℎ𝑒 𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑐ℎ𝑎𝑟𝑔𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 = 𝜌𝑚𝑎𝑥

𝑡ℎ𝑒 𝑐ℎ𝑎𝑟𝑔𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑎𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑐𝑎𝑛 𝑏𝑒 𝑤𝑟𝑖𝑡𝑡𝑒𝑛 𝑎𝑠: 𝜌 𝑦 = 𝜌𝑚𝑎𝑥 cos
2𝜋

𝜆
𝑦

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑒 𝑐ℎ𝑎𝑟𝑔𝑒 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑖𝑠 𝑟𝑒𝑙𝑎𝑡𝑒𝑑 𝑡𝑜 𝑡ℎ𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑐𝑢𝑟𝑒𝑛𝑡 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑡ℎ𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑖𝑠: 𝑖 =
𝑑𝑄

𝑑𝑡

𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑜𝑓 𝑝𝑟𝑜𝑝𝑎𝑔𝑡𝑖𝑜𝑛 𝑖𝑠:
𝑑𝑦

𝑑𝑡
=

1

𝜇0𝜀0
= 𝑐

𝑠𝑜:
𝑑𝑄

𝑑𝑦
=
𝑑𝑄

𝑑𝑡

𝑑𝑡

𝑑𝑦
= 𝑖 𝜇0𝜀0 ⇐ 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑐ℎ𝑎𝑟𝑔𝑒 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑎𝑡 𝑦 = 0 𝑎𝑡 𝑠𝑜𝑚𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑡 𝑜𝑓 𝑡𝑖𝑚𝑒

𝑤ℎ𝑒𝑟𝑒: 𝑖 = 𝐼 cos 𝜔𝑡 ⇐ 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑅𝑀𝑆 𝑐𝑢𝑟𝑟𝑒𝑛𝑡

𝑠𝑜: 𝜌 𝑡 = 𝜇0𝜀0𝐼 cos 𝜔𝑡 ∴ 𝜌 𝑦 = 𝜇0𝜀0𝐼 cos
2𝜋

𝜆
𝑦

closer look at constant charge density assumption

𝑡ℎ𝑖𝑠 𝑖𝑠 𝜌𝑚𝑎𝑥

𝜌 𝑡, 𝑦 = 𝜇0𝜀0𝐼 cos
2𝜋

𝜆
𝑦 − 𝜔𝑡

𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑐ℎ𝑎𝑟𝑔𝑒 𝑎𝑠 𝑎 𝑓𝑢𝑛𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑖𝑚𝑒 𝑎𝑛𝑑 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑏𝑦 𝑎𝑑𝑑𝑖𝑛𝑔 𝑎 𝑝ℎ𝑎𝑠𝑒 𝑠ℎ𝑖𝑓𝑡:

the figure above is a “snapshot” in time at 𝜔𝑡 = 0

charge density is max at 𝑦 = 0,
𝜆

2
, 𝜆

charge density is zero at 𝑦 =
𝜆

4
,
3𝜆

4

+++ + + +  +  +  +  +   +   +   + - - - - - - - - - - ----- - - - - - - - - - -

𝜌𝑚𝑎𝑥

𝑦
∞

𝑥

𝜌(𝑦)

+   +   +   +  +  +  +  + + + +++

𝜆

−𝜌𝑚𝑎𝑥

𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 =
1

𝜇0𝜀0
= 𝑐

𝑡 = 0



Transmission Line Electric Fields (cont.)
closer look at constant charge density assumption

Now a “snapshot” in time when  𝜔𝑡 =
𝜋

4

𝜌
𝑇

4
, 𝑦 = 𝜇0𝜀0𝐼 cos

2𝜋

𝜆
𝑦 − 𝜔𝑡

charge density is max at 𝑦 =
𝜆

4
,
3𝜆

4

charge density is zero at 𝑦 = 0,
𝜆

2
, 𝜆

This is how we will evaluate the constant charge density assumption…
Re-derive the E fields with Coulomb’s Law using a charge density 
that changes over the length of the line (for any “snapshot” in time).

𝜌 =
𝑑𝑄

𝑑𝑦
= 𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃 𝑤ℎ𝑒𝑟𝑒: 𝛽 =

2𝜋

𝜆
𝜃 = 𝜔𝑡

𝜌 𝑡, 𝑦 = 𝜇0𝜀0𝐼 cos
2𝜋

𝜆
𝑦 − 𝜔𝑡

𝜌𝑚𝑎𝑥

𝑦
∞

𝑥

𝜌(𝑦)

𝜆

𝜌𝑚𝑎𝑥

𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 =
1

𝜇0𝜀0
= 𝑐

−𝜌𝑚𝑎𝑥

𝑡 =
𝑇

4
=
1

4𝑓
=
𝜋

4𝜔

+   +   +   +  +  +  +  + + + +++++ + + +  +  +  +  +   +   +   +    - - - - - - - - - - ----- - - - - - - - - - -

we are most interested in when and where the current or charge density crosses zero…
(this is where the charge density has maximum change)
keep it as simple as possible and use E field point of interest at 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 = 0

===================================================================================================



Transmission Line Electric Fields (cont.)
comparing non-linear AC charge distribution

𝑟2 = 𝑥2 + 𝑦2

𝑑𝐸 =
𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃 𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

𝑑𝐸𝑥 = 𝑑𝐸 cos𝛼

cos 𝛼 =
𝑥

𝑟

𝑑𝐸𝑥 =
𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃

4𝜋𝜀0 𝑥
2 + 𝑦2

𝑥𝑑𝑦

𝑥2 + 𝑦2

𝑑𝐸𝑥 =
𝜇0𝜀0𝐼𝑥 cos 𝛽𝑦 − 𝜃 𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

3
2

𝑡𝑟𝑖𝑔 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦:
cos 𝛽𝑦 − 𝜃 = cos𝛽𝑦 cos𝜃 + sin 𝛽𝑦 sin 𝜃
𝑠𝑖𝑛𝑐𝑒 𝛽𝑦 𝑖𝑠 𝑎 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙 𝑎𝑛𝑔𝑙𝑒…
𝑢𝑠𝑒 𝑠𝑚𝑎𝑙𝑙 𝑎𝑛𝑔𝑙𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛:
sin 𝛽𝑦 ≈ 𝛽𝑦 cos 𝛽𝑦 ≈ 1
sin 𝜃 − 𝛽𝑦 ≈ cos𝜃 + 𝛽𝑦 sin 𝜃

𝑑𝐸𝑥 =
𝜇0𝜀0𝐼𝑥 cos 𝜃 + 𝛽𝑦 sin 𝜃 𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

3
2

𝑑𝐸𝑥 =
𝜇0𝜀0𝐼

4𝜋𝜀0

𝑥 cos𝜃 + 𝛽𝑦 sin 𝜃 𝑑𝑦

𝑥2 + 𝑦2
3
2

𝑑𝐸𝑥 =
𝜇0𝜀0𝐼

4𝜋𝜀0

𝑥 cos 𝜃 𝑑𝑦

𝑥2 + 𝑦2
3
2

+
𝑥𝛽 sin 𝜃 𝑦𝑑𝑦

𝑥2 + 𝑦2
3
2

𝐸𝑥 =
𝜇0𝜀0𝐼

4𝜋𝜀0
 
−∞

∞ 𝑥 cos𝜃 𝑑𝑦

𝑥2 + 𝑦2
3
2

+ 
−∞

∞ 𝑥𝛽 sin 𝜃 𝑦𝑑𝑦

𝑥2 + 𝑦2
3
2

sum up the contributions to get total electric field in x direction
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+
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+
+
+
+

x

y

𝑑𝐸𝑥

𝑑𝐸𝑑𝐸𝑦

𝑑𝑞 = 𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃 𝑑𝑦

r

0

∞

−∞



Transmission Line Electric Fields (cont.)
comparing non-linear AC charge distribution

𝑑𝐸𝑦 = 𝑑𝐸 sin𝛼

sin 𝛼 =
𝑦

𝑟

𝑑𝐸𝑦 =
𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃

4𝜋𝜀0 𝑥
2 + 𝑦2

𝑦𝑑𝑦

𝑥2 + 𝑦2

𝑑𝐸𝑦 =
𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃 𝑦 𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

3
2

𝑡𝑟𝑖𝑔 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦:
cos 𝛽𝑦 − 𝜃 = cos𝛽𝑦 cos𝜃 + sin 𝛽𝑦 sin 𝜃
𝑠𝑖𝑛𝑐𝑒 𝛽𝑦 𝑖𝑠 𝑎 𝑣𝑒𝑟𝑦 𝑠𝑚𝑎𝑙𝑙 𝑎𝑛𝑔𝑙𝑒…
𝑢𝑠𝑒 𝑠𝑚𝑎𝑙𝑙 𝑎𝑛𝑔𝑙𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛:
sin 𝛽𝑦 ≈ 𝛽𝑦 cos 𝛽𝑦 ≈ 1
sin 𝜃 − 𝛽𝑦 ≈ cos 𝜃 + 𝛽𝑦 sin 𝜃

𝑑𝐸𝑦 =
𝜇0𝜀0𝐼 cos 𝜃 + 𝛽𝑦 sin 𝜃 𝑦𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

3
2

𝑑𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0

cos 𝜃 + 𝛽𝑦 sin 𝜃 𝑦𝑑𝑦

𝑥2 + 𝑦2
3
2

𝑑𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0

cos𝜃 𝑦𝑑𝑦

𝑥2 + 𝑦2
3
2

+
𝛽 sin 𝜃 𝑦2𝑑𝑦

𝑥2 + 𝑦2
3
2
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+
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+
+
+
+
+
+
+
+
+
+
+
+

x

y

𝑑𝐸𝑥

𝑑𝐸𝑑𝐸𝑦

𝑑𝑞 = 𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃 𝑑𝑦

r

0

∞

−∞

𝑟2 = 𝑥2 + 𝑦2

𝑑𝐸 =
𝜇0𝜀0𝐼 cos 𝛽𝑦 − 𝜃 𝑑𝑦

4𝜋𝜀0 𝑥
2 + 𝑦2

𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0
 
−∞

∞ cos 𝜃 𝑦𝑑𝑦

𝑥2 + 𝑦2
3
2

+ 
−∞

∞ 𝛽 sin 𝜃 𝑦2𝑑𝑦

𝑥2 + 𝑦2
3
2

sum up the contributions to get total electric field in y direction



𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0
 
−∞

∞ cos 𝜃 𝑦𝑑𝑦

𝑥2 + 𝑦2
3
2

+ 
−∞

∞ 𝛽 sin 𝜃 𝑦2𝑑𝑦

𝑥2 + 𝑦2
3
2

𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0
cos 𝜃

−1

𝑥2 + 𝑦2
−∞

∞

+ 𝛽 sin 𝜃 sinh−1
𝑦

𝑥
−

𝑦

𝑥2 + 𝑦2
−∞

∞

𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0
cos𝜃

−1

𝑥2 + 𝑦2
−∞

∞

+ 𝛽 sin 𝜃 sinh−1
𝑦

𝑥 −∞

∞

−
𝑦

𝑥2 + 𝑦2
−∞

∞

𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0
cos 𝜃

−1

𝑥2 +∞2
−

−1

𝑥2 +∞2
+ 𝛽 sin 𝜃 sinh−1

∞

𝑥
− sinh−1

−∞

𝑥
−

∞

𝑥2 +∞2
−

−∞

𝑥2 +∞2

𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0
0 − 0 + 𝛽 sin 𝜃 2sinh−1

∞

𝑥
− 2

𝐸𝑦 =
𝜇0𝜀0𝐼

4𝜋𝜀0
2𝛽 sin 𝜃 sinh−1

∞

𝑥
− 1

𝐸𝑦 =
𝜇0𝜀0𝐼

2𝜋𝜀0
𝛽 sin 𝜃 sinh−1

∞

𝑥
− 1

Indeterminate y component!
But there is a y (non-radial) component… maximum at zero crossing as expected
Question is…
Is it large enough to be significant?

Transmission Line Electric Fields (cont.)
comparing non-linear AC charge distribution



Transmission Line Electric Fields (cont.)
comparing non-linear AC charge distribution

summary so far

𝐸𝑥 =
𝜇0𝜀0𝐼 cos 𝜃

2𝜋𝜀0𝑥

The E field in the x or radial direction from the line is the
same as when a constant charge distribution was assumed.
This makes sense because the charge is seen as increasing 
(or decreasing) at the same rate from the position of interest.
In other words… 
the charge (density) gets less as you look down the line, 
the charge (density) gets greater as you look up the line.
So the increased E field contribution from up the line, 
is offset by the decreased contribution from down line.
Yielding the same result as if you assumed a constant line charge.

𝐸𝑦 =
𝜇0𝜀0𝐼

2𝜋𝜀0
𝛽 sin 𝜃 sinh−1

∞

𝑥
− 1

The E field in the y or parallel direction of the line is not
zero as when a constant charge distribution was assumed.
Question is…
Is it large enough to be significant?
Let’s integrate the charge contributions over a very long but 
finite line length.
Be conservative and say we are interested in E fields 
within 50m of the line.
This means that up to ± 500m of the line charge could have 
significant contribution to the E field of interest.
Replace ∞ with 500 and do a comparison of magnitudes.

𝐸𝑦 ≈
𝜇0𝜀0𝐼

2𝜋𝜀0
𝛽 sinh−1

500

𝑥
− 1𝐸𝑥 =

𝜇0𝜀0𝐼

2𝜋𝜀0𝑥

𝐸𝑥

𝐸𝑦
=

1
𝑥

𝛽 sinh−1
500
𝑥

− 1

will require a numerical comparison to get the picture



Transmission Line Electric Fields (cont.)
comparing non-linear AC charge distribution

wrapping up

𝐸𝑥

𝐸𝑦
=

1
𝑥

𝛽 sinh−1
500
𝑥

− 1

𝛽 =
2𝜋

𝜆
𝐸𝑥

𝐸𝑦
=

𝜆

2𝜋𝑥 sinh−1
500
𝑥

− 1

𝜆 = 5000𝑘𝑚 𝑓𝑜𝑟 𝑓 = 60𝐻𝑧

𝐸𝑥

𝐸𝑦
=

2500𝑘

𝜋𝑥 sinh−1
500
𝑥

− 1

It appears the magnitude of the radial or x component 
of the E field could be much greater 
than the magnitude of the parallel or y component 
(for any given line position of interest)
But lets look at a range of radial or x positions…
from very close to the line to very far from the line.
(since inverse hyperbolic sine is somewhat obscure)

wavelength (m) = 5000000

integrated over (m) = 500

x |Ex| |Ey| |Ex|/|Ey|

0.01 100.00 14.5E-6 6911999

0.02 50.00 13.6E-6 3677394

0.05 20.00 12.4E-6 1607043

0.10 10.00 11.6E-6 863983

0.20 5.00 10.7E-6 467136

0.50 2.00 9.6E-6 209362

1.00 1.00 8.7E-6 115167

2.00 0.50 7.8E-6 63983

5.00 0.20 6.7E-6 29982

10.00 0.10 5.8E-6 17206

20.00 0.05 5.0E-6 10069

50.00 0.02 3.9E-6 5145

Using a constant linear charge
distribution on the line is acceptable 
for any snapshot in time.

Conclusion

this derivation is for one line with sinusoidal AC current and does not consider an “image” below a conducting earth surface

𝐸 =
𝜇0
𝜀0

𝐼 cos𝜔𝑡

2𝜋𝜀0𝑟
 𝑟

𝜇0
𝜀0
= 𝑖𝑚𝑝𝑑𝑎𝑛𝑐𝑒 𝑜𝑓 𝑓𝑟𝑒𝑒𝑠𝑝𝑎𝑐𝑒 = 120𝜋



Questions or Comments …

contact us

http://www.3phaseee.com/contact

