
Attempt to Explain the Per-Unit Method of Power System Analysis

the Per-Unit system was developed to aid in the analysis of 
systems containing multiple voltage levels (transformers)

Consider the single phase system below with purely resistive load:

𝑉∅ = 𝑙𝑖𝑛𝑒 − 𝑛𝑒𝑢𝑡𝑟𝑎𝑙 𝑣𝑜𝑙𝑡𝑎𝑔𝑒

𝑉∅ = 39837∠0°

𝑰∅

1.0Ω 𝑗5.0Ω

100Ω

𝑃𝑙𝑜𝑎𝑑

𝑰∅ =
39837∠0°

101 + 𝑗5
=

39837∠0°

101.12∠2.834°
= 394.0∠ − 2.834° 𝐴𝑚𝑝𝑠

𝑽𝑙𝑜𝑎𝑑 = 394.0∠ − 2.834° 100∠0° = 39400∠ − 2.834° 𝑉𝑜𝑙𝑡𝑠
𝑃𝑙𝑜𝑎𝑑 = 394.02 ∗ 100 = 15.52 𝑀𝑊

+
𝑽𝑙𝑜𝑎𝑑

−

𝑰∅ = 394.0∠ − 2.834° 𝐴𝑚𝑝𝑠
𝑽𝑙𝑜𝑎𝑑 = 39400∠ − 2.834° 𝑉𝑜𝑙𝑡𝑠
𝑃𝑙𝑜𝑎𝑑 = 15.52 𝑀𝑊

Now analyze using Per-Unit quantities



Per-Unit Explained (cont.)

Recall
Watt’s LawOhm’s Law

𝑉 = 𝐼𝑍 𝐼 =
𝑉

𝑍
𝑍 =

𝑉

𝐼

𝑆 = 𝑎𝑝𝑝𝑎𝑟𝑒𝑛𝑡 𝑝𝑜𝑤𝑒𝑟

𝑆 = 𝐼𝑉 𝐼 =
𝑆

𝑉
𝑉 =

𝑆

𝐼

𝑆 = 𝐼2𝑍 𝑆 =
𝑉2

𝑍
𝑍 =

𝑉2

𝑆

There are four (4) quantities to consider…
V, I, Z, and S

• the Per-Unit system allows you to choose two (2) of them for “Base” or reference values
• The other two (2) “Base” values are calculated using Ohm’s and Watt’s laws
• For power system analysis…  SBase and VBase are always “chosen”
• SBase = xx.x MVA,  VBase = nominal system voltage

For the single phase system above we choose:
SBase  = 33.3 MVA     (why 33.3 will be revealed later)
VBase = 39837 V             

𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒:

𝑍𝐵𝑎𝑠𝑒 =
𝑉𝐵𝑎𝑠𝑒
2

𝑆𝐵𝑎𝑠𝑒
=
398372

33.3𝑀
= 47.61 Ω

𝐼𝐵𝑎𝑠𝑒 =
𝑆𝐵𝑎𝑠𝑒
𝑉𝐵𝑎𝑠𝑒

=
33.3𝑀

39837
= 836.74 𝐴𝑚𝑝𝑠



Per-Unit Explained (cont.)

Per-Unit values are the ratio of the actual or “physical” values divided by the Base values

𝑣∅ =
39837

39837
∠0°

𝒊∅

1.0

47.61
𝑗

5.0

47.61

100

47.61

𝑃𝑙𝑜𝑎𝑑

𝑍𝐵𝑎𝑠𝑒 = 47.61 Ω
𝑉𝐵𝑎𝑠𝑒 = 39837 𝑉
𝑆𝐵𝑎𝑠𝑒 = 33.3 𝑀𝑉𝐴
IBase = 836.74 A

𝑣∅ = 1∠0°

𝒊∅

𝑗0.1050

2.100

𝑃𝑙𝑜𝑎𝑑

0.0210



Per-Unit Explained (cont.)

Now analyze the circuit with normal phasor analysis

𝒗∅ = 1∠0°

𝒊∅

𝑗0.1050

2.100

𝑝𝑙𝑜𝑎𝑑

0.0210

Note:
lower case per-unit variables
per-unit values are “unit less”

+
𝒗𝑙𝑜𝑎𝑑
−

𝒊∅ =
1∠0°

2.121 + 𝑗0.1050
=

1∠0°

2.124∠2.834°
= 0.4709∠ − 2.834°

𝒗𝑙𝑜𝑎𝑑 = 0.4709∠ − 2.834° 2.100∠0° = 0.9889∠ − 2.834°
𝑝𝑙𝑜𝑎𝑑 = 0.47092 ∗ 2.100 = 0.4655

Convert back to physical values

𝑰∅ = 𝒊∅𝐼𝐵𝑎𝑠𝑒 = 0.4709∠ − 2.834° ⋅ 836.74 = 394.0∠ − 2.834° 𝐴
𝑽𝑙𝑜𝑎𝑑 = 𝒗𝑙𝑜𝑎𝑑𝑉𝐵𝑎𝑠𝑒 = 0.9889∠ − 2.834° ⋅ 39837 = 39400∠ − 2.834° 𝑉
𝑃𝑙𝑜𝑎𝑑 = 𝑝𝑙𝑜𝑎𝑑SBase = 0.4655 ⋅ 33.3𝑀 = 15.52 𝑀𝑊

𝑰∅ = 394.0∠ − 2.834° 𝐴
𝑽𝑙𝑜𝑎𝑑 = 39400∠ − 2.834° 𝑉
𝑃𝑙𝑜𝑎𝑑 = 𝑝𝑙𝑜𝑎𝑑SBase = 15.52 𝑀𝑊

agrees with original analysis
Per-Unit actually works!

𝑍𝐵𝑎𝑠𝑒 = 47.61 Ω
𝑉𝐵𝑎𝑠𝑒 = 39837 𝑉
𝑆𝐵𝑎𝑠𝑒 = 33.3 𝑀𝑉𝐴
IBase = 836.74 A



Per-Unit Explained (cont.)

3 (three-phase) Per-Unit analysis
everything from here on will be 3 unless specified otherwise

The 3 per-unit method of analysis …
• uses line-line voltage
• results give total power in all 3 phases
• uses current in a single phase
This method allows a “per-phase” analysis that yields 3 results

SBase is almost always chosen as 100 MVA… 
reason why 33.3M was chosen for 1 above

VBase is always nominal line-line voltage

3 Base values:

ZBase is calculated

IBase is calculated

𝑆𝐵𝑎𝑠𝑒 = 100 𝑀𝑉𝐴

𝑉𝐵𝑎𝑠𝑒 = 𝑉𝐿𝐿

𝑍𝐵𝑎𝑠𝑒 =
𝑉𝐵𝑎𝑠𝑒
2

𝑆𝐵𝑎𝑠𝑒
=

𝑉𝐿𝐿
2

100𝑀

𝐼𝐵𝑎𝑠𝑒 =
𝑆𝐵𝑎𝑠𝑒

3 𝑉𝐵𝑎𝑠𝑒
=

100𝑀

3 𝑉𝐿𝐿

Caution:

this 3 is commonly overlooked when calculating phase current using 3 power…

engineers naturally think of Watt’s law and use 𝐼 =
𝑃

𝑉
….

this would be valid if using 1 power and line-neutral voltage



Reconsider the “per-phase” circuit from above𝑉𝐿𝐿 = 3𝑉∅

Per-Unit Explained (cont.)

3 Per-Unit analysis

SBase = 100 MVA
VBase = 69 kV

𝑍𝐵𝑎𝑠𝑒 =
𝑉𝐵𝑎𝑠𝑒
2

𝑆𝐵𝑎𝑠𝑒
=

𝑉𝐿𝐿
2

100𝑀
=

69𝑘2

100𝑀
= 47.61 Ω

𝐼𝐵𝑎𝑠𝑒 =
𝑆𝐵𝑎𝑠𝑒

3 𝑉𝐵𝑎𝑠𝑒
=

100𝑀

3 𝑉𝐿𝐿
=

100𝑀

3 ⋅ 69𝑘
= 836.74 𝐴

ZBase and IBase are the same as 1 above
because 33.3M was chosen for S∅ Base

(line-line voltage)



Per-Unit Explained (cont.)

𝒗∅ = 1∠0°

𝒊∅

𝑗0.1050

2.100

𝑝𝑙𝑜𝑎𝑑

0.0210

+
𝒗𝑙𝑜𝑎𝑑
−

Converting back to physical values

𝑰∅ = 𝒊∅𝐼𝐵𝑎𝑠𝑒 = 0.4709∠ − 2.834° ⋅ 836.74 = 394.0∠ − 2.834° 𝐴
𝑽𝑙𝑜𝑎𝑑 = 𝒗𝑙𝑜𝑎𝑑𝑉𝐵𝑎𝑠𝑒 = 0.9889∠ − 2.834° ⋅ 69𝑘 = 68.23𝑘∠ − 2.834° 𝑉
𝑃𝑙𝑜𝑎𝑑 = 𝑝𝑙𝑜𝑎𝑑SBase = 0.4655 ⋅ 100𝑀 = 46.55 𝑀𝑊

𝑰∅ = 394.0∠ − 2.834° 𝐴
𝑽𝑙𝑜𝑎𝑑 = 68.23∠ − 2.834° 𝑉
𝑃𝑙𝑜𝑎𝑑 = 46.55 𝑀𝑊

𝑍𝐵𝑎𝑠𝑒 = 47.61 Ω
𝑉𝐵𝑎𝑠𝑒 = 69 𝑘𝑉
𝑆𝐵𝑎𝑠𝑒 = 100 𝑀𝑉𝐴
IBase = 836.74 A

3 Per-Unit analysis

this is exactly the same as previously analyzed!
only because we chose S3∅ Base = 3S∅ Base

Now analyze the circuit with normal phasor analysis

𝒊∅ = 0.4709∠ − 2.834°
𝒗𝑙𝑜𝑎𝑑 = 0.9889∠ − 2.834°
𝑝𝑙𝑜𝑎𝑑 = 0.4655

using line-line voltage

gives 3 power



Now  an attempt to explain the true magic of the per-unit system

Primary Secondary

RP jXP RS jXS

𝑎 = 𝑡𝑢𝑟𝑛𝑠 𝑟𝑎𝑡𝑖𝑜 =
𝑛𝑃
𝑛𝑆

𝑎

Consider the Impedance “looking” into the primary side

𝑍𝑖𝑛 = 𝑅𝑝 + 𝑗𝑋𝑝 + 𝑎2 𝑅𝑆 + 𝑗𝑋𝑆

Primary Secondary

RP jXP RS jXS

Zin

the impedance in the secondary of a transformer can be “reflected” to the primary 
side by multiplying the secondary impedance by the square of the turns ratio

𝑎



Per-Unit Explained (cont.)

Consider the Impedance “looking” into the secondary side

𝑍𝑖𝑛 = 𝑅𝑆 + 𝑗𝑋𝑆 +
𝑅𝑃 + 𝑗𝑋𝑃

𝑎2

Primary Secondary

RP jXP RS jXS

Zin

the impedance in the primary of a transformer can be “reflected” to the secondary 
side by dividing the primary impedance by the square of the turns ratio

Practical point:
It would be very difficult and likely impossible to determine the primary and 
secondary impedances “separately”. 
Therefore transformer manufacturers report the impedance “reflected” to one side.

Primary Secondary

𝑅𝑝 + 𝑎2𝑅𝑆 𝑗 𝑋𝑝 + 𝑎2𝑋𝑆

Primary Secondary

𝑅𝑆 +
𝑅𝑝

𝑎2
𝑗 𝑋𝑆 +

𝑋𝑝
𝑎2

- or -

𝑎

𝑎 𝑎



Per-Unit Explained (cont.)

Consider this numerical example

138/69 kV transformer
R = 3Ω, X = 75Ω

(reflected to the primary)

Primary Secondary

3Ω 𝑗75Ω 𝑎 = 2

Divide impedance by 𝑎2

to model it in the secondary 

Primary Secondary

0.75Ω 𝑗18.75Ω𝑎 = 2

Impedance reflected to the primary Impedance reflected to the secondary

Next… look at the per-unit impedances (3)



Per-Unit Explained (cont.)

SBase = 100 MVA
VBase = 138 kV

𝑍𝐵𝑎𝑠𝑒 =
1382

100
= 190.44 Ω

𝑅𝑝𝑢=
3

190.44
= 0.01575

𝑋𝑝𝑢=
75

190.44
= 0.39382

SBase = 100 MVA
VBase = 69 kV

𝑍𝐵𝑎𝑠𝑒 =
692

100
= 47.61 Ω

𝑅𝑝𝑢=
0.75

47.61
= 0.01575

𝑋𝑝𝑢=
18.75

47.61
= 0.39382

per-unit impedances (3)

reflected to the primary reflected to the secondary

this is the fundamental “magic” of Per-Unit
the Per-Unit impedances are independent of winding voltage!

• this allows modeling of complex power systems with 
multiple voltage levels as a system with one nominal voltage (pu).

• downside is that if you want the actual voltage, impedance, current or power… 
you have to multiply the per-unit values by the base values.

• Base values will vary (except SBase) depending on the nominal voltage 
for that part of the system.



Per-Unit Explained (cont.)

2Ω 𝑗38Ω 𝑎 = 2.5 3Ω 𝑗75Ω 𝑎 = 2

138 kV 138 kV345 kV 69 kV
32 MW

11 MVAR
12 MW
5 MVAR

0.00168 𝑗0.03193 0.01575 𝑗0.39382

1.0 pu 0.32 + j0.11 0.12 + j0.05

Which method would you prefer?
Physical

or
Per-Unit

note that the load values above are not impedances but power.
old engineers would have to convert these to impedances in 
order to estimate system conditions.
this estimate would introduce some error, because the voltage 
in that part of the system is likely not “nominal”.

the 3 method of power system analysis requires some “rethinking” by engineers…
mainly because the single phase currents result in 3 power



Questions or Comments …

contact us

http://www.3phaseee.com/contact

