
Line Dropping Derivation
if a transmission line is open on one end while being fed or “charged” from the opposite end…  opening the 
closed end could have unexpected consequences. the energy stored in the line inductance and capacitance could 
cause very high voltage to appear across the switch (or breaker) if the charging current it is at or near maximum.
This is an attempt to derive the voltage and current waveforms that are felt by the switch (or breaker).

Assumptions:
line is less than 150 mi long 
uses medium-length “T” model
operating frequency = 60Hz
uses peak phase-neutral voltage
all values are per-unit

at time = t0 …
the switch or breaker  
“instantaneously”  opens, placing a 
nearly infinite impedance into the 
charged line.
what happens next depends on …
• what the current is through the line 

inductance
• what the voltage is across the line

capacitance
when the switch opens.

first consider the steady-state response:  (for t < t0)

𝑣 𝑡 = 2 sin 120𝜋𝑡
𝑙𝑒𝑡 𝛽 = 𝑠𝑦𝑠𝑡𝑒𝑚 𝑎𝑛𝑔𝑙𝑒 = 120𝜋𝑡

𝑣 𝛽 = 2 sin 𝛽
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𝑋 −
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𝑖 𝛽 =
2 sin 𝛽

𝑍𝑖𝑛∠𝜃𝑍𝑖𝑛

𝑣 𝛽 = 2 sin 𝛽

𝑖 𝛽 =
2

𝑍𝑖𝑛
sin 𝛽 − 𝜃𝑍𝑖𝑛

Notice…
almost purely capacitive

current leads voltage by  90

𝑖𝐹 𝛽 = 𝑚𝑎𝑥 𝑤ℎ𝑒𝑛 𝛽 = 𝜃𝑍𝑖𝑛 +
𝜋

2
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𝑖𝐹 𝛽 = 0 𝑤ℎ𝑒𝑛 𝛽 = 𝜃𝑍𝑖𝑛 + 𝑛𝜋
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Line Dropping Derivation (cont.)

first consider the transient or “natural” response
for  t > t0

𝐾𝑉𝐿:
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𝐼 𝑠 =
𝑖0𝑠 −
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𝐿
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𝐿 𝑠 +
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𝐿𝐶
𝑟𝑜𝑜𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟:
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𝑖0 = 𝑖 𝛽0 𝑠𝑡𝑒𝑎𝑑𝑦 𝑠𝑡𝑎𝑡𝑒 𝑖𝑛𝑑𝑢𝑐𝑡𝑜𝑟 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑎𝑡 𝑡 = 𝑡0

𝑉𝐶0
= 𝑉𝐶 𝛽0 𝑠𝑡𝑒𝑎𝑑𝑦 𝑠𝑡𝑎𝑡𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑜𝑟 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 𝑎𝑡 𝑡 = 𝑡0

𝑖0 =
2

𝑍𝑖𝑛
sin 𝛽0 − 𝜃𝑍𝑖𝑛

𝑉𝐶0
=

2

𝑍𝑖𝑛𝐵
sin 𝛽0 − 𝜃𝑍𝑖𝑛 −

𝜋

2

this value will be > 0  
(since R∞ is very large)

resulting in real and unequal roots
the natural response will be “over damped”

𝑙𝑒𝑡:

𝛼 =
2𝑅∞ + 𝑅

2𝐿
𝑎𝑡𝑡𝑒𝑛𝑢𝑎𝑡𝑖𝑜𝑛 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝑟𝑜𝑜𝑡𝑠 = −𝛼 ± 𝛼2 −
2

𝐿𝐶

at time = t0 … 
the switch or breaker opens into a nearly infinite impedance

using Laplace transform
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Line Dropping Derivation (cont.)
over damped natural response

denominator of I(s) has real and unequal  roots
no oscillations… has two attenuation constants

𝜔 = ±
2𝑅∞ + 𝑅

2𝐿

2

−
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= ± 𝛼2 −

2
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𝑟𝑜𝑜𝑡1 = 𝜇 = −𝛼 + 𝜔
𝑟𝑜𝑜𝑡2 = 𝜆 = −𝛼 − 𝜔

𝐼 𝑠 =
𝑖0𝑠 −

2𝑉𝐶0

𝐿
𝑠 − 𝜇 𝑠 − 𝜆

𝑎𝑓𝑡𝑒𝑟 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛:

𝐼 𝑠 =
𝑖0

𝜇 − 𝜆

𝜇

𝑠 − 𝜇
−

𝜆

𝑠 − 𝜆
−

2𝑉𝐶0

𝐿 𝜇 − 𝜆

1

𝑠 − 𝜇
−

1

𝑠 − 𝜆

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑓𝑜𝑟 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒:

𝑖𝑁 𝑡 =
𝑖0

𝜇 − 𝜆
𝜇𝑒𝜇𝑡 − 𝜆𝑒𝜆𝑡 −

2𝑉𝐶0

𝐿 𝜇 − 𝜆
𝑒𝜇𝑡 − 𝑒𝜆𝑡

𝑠ℎ𝑖𝑓𝑡 𝑖𝑛 𝑡𝑖𝑚𝑒 𝑤ℎ𝑒𝑟𝑒 𝑠𝑤𝑖𝑡𝑐ℎ 𝑜𝑝𝑒𝑛𝑠:

𝑖𝑁 𝑡 =
𝑖0

𝜇 − 𝜆
𝜇𝑒𝜇 𝑡−𝑡0 − 𝜆𝑒𝜆 𝑡−𝑡0 −

2𝑉𝐶0

𝐿 𝜇 − 𝜆
𝑒𝜇 𝑡−𝑡0 − 𝑒𝜆 𝑡−𝑡0

𝑐𝑜𝑛𝑣𝑒𝑟𝑡 𝑡𝑖𝑚𝑒 𝑡𝑜 𝑠𝑦𝑠𝑡𝑒𝑚 𝑎𝑛𝑔𝑙𝑒

𝑡 =
𝛽

120𝜋
𝛽 𝑖𝑠 𝑖𝑛 𝑟𝑎𝑑𝑖𝑎𝑛𝑠

𝑖𝑁 𝛽 =
𝑖0

𝜇 − 𝜆
𝜇𝑒

𝜇
𝛽−𝛽0
120𝜋 − 𝜆𝑒

𝜆
𝛽−𝛽0
120𝜋 −

2𝑉𝐶0

𝐿 𝜇 − 𝜆
𝑒

𝜇
𝛽−𝛽0
120𝜋 − 𝑒

𝜆
𝛽−𝛽0
120𝜋

∴

𝑣𝑠𝑤
𝑁 = −𝑖𝑁 𝛽 𝑅∞

natural response
for   > 0



Line Dropping Derivation (cont.)

next consider the forced response :
for  > 0

𝑣 𝛽 = 2 sin 𝛽

𝒁𝑖𝑛
′ = 𝑅𝑠𝑤 +
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𝑖𝐹 𝛽 =
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𝑍𝑖𝑛
′ sin 𝛽 + ∅

𝑠𝑖𝑛𝑐𝑒 𝑅∞ 𝑖𝑠 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑙𝑦 = ∞
𝑍𝑖𝑛

′ = ∞
∴
𝑖𝐹 𝛽 = 0
𝑣2

𝐹 = 0
𝑣𝑠𝑤

𝐹 = 𝑣(𝛽)
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forced response
for   > 0

𝑣𝑠𝑤
𝐹 = 𝑣(𝛽)



Line Dropping Derivation (cont.)
summary

for  < 0

𝑖𝑓 𝑜𝑝𝑒𝑛𝑖𝑛𝑔 𝑤ℎ𝑒𝑛 𝑖 𝛽 = 𝑚𝑎𝑥:

𝛽0 = 𝜃𝑍𝑖𝑛 +
3𝜋

2

𝑖𝑓 𝑜𝑝𝑒𝑛𝑖𝑛𝑔 𝑤ℎ𝑒𝑛 𝑖 𝛽 = 0:

𝛽0 = 𝜃𝑍𝑖𝑛 + 𝜋

𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑡𝑟𝑎𝑛𝑠𝑖𝑒𝑛𝑡 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒

𝛽0 𝑅

2

𝑅

2

𝑗𝑋

2

𝑗𝑋

2

−𝑗

𝐵
open ended line

𝑖 (𝛽) 𝑖 = 0𝑅∞

𝑣(𝑡)

𝑣2

𝑣 𝛽 = 2 sin 𝛽

𝒁𝑖𝑛 =
𝑅

2
+ 𝑗

𝑋

2
−
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𝐵

𝑍𝑖𝑛 =
𝑅

2

2

+
𝑋

2
−

1

𝐵

2

𝜃𝑍𝑖𝑛 = tan−1
𝑋 −

2
𝐵

𝑅

𝑣 𝛽 = 2 sin 𝛽

𝑖 𝛽 =
2

𝑍𝑖𝑛
sin 𝛽 − 𝜃𝑍𝑖𝑛

𝑉𝑠𝑤 𝛽 = 0

𝑖0 = 𝑖 𝛽0 𝑠𝑡𝑒𝑎𝑑𝑦 𝑠𝑡𝑎𝑡𝑒 𝑖𝑛𝑑𝑢𝑐𝑡𝑜𝑟 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑎𝑡 𝑡 = 𝑡0

𝑉𝐶0
= 𝑉𝐶 𝛽0 𝑠𝑡𝑒𝑎𝑑𝑦 𝑠𝑡𝑎𝑡𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑜𝑟 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 𝑎𝑡 𝑡 = 𝑡0

𝑖0 =
2

𝑍𝑖𝑛
sin 𝛽0 − 𝜃𝑍𝑖𝑛

𝑉𝐶0
=

2

𝑍𝑖𝑛𝐵
sin 𝛽0 − 𝜃𝑍𝑖𝑛 −

𝜋

2



Line Dropping Derivation (cont.)
summary (cont.)

for   > 0

𝑓𝑜𝑟𝑐𝑒𝑑 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑜𝑟 𝑡𝑟𝑎𝑛𝑠𝑖𝑒𝑛𝑡 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒
over damped

𝑖𝑁 𝛽 =
𝑖0

𝜇 − 𝜆
𝜇𝑒

𝜇
𝛽−𝛽0
120𝜋 − 𝜆𝑒

𝜆
𝛽−𝛽0
120𝜋 −

2𝑉𝐶0

𝐿 𝜇 − 𝜆
𝑒

𝜇
𝛽−𝛽0
120𝜋 − 𝑒

𝜆
𝛽−𝛽0
120𝜋

𝑣𝑠𝑤
𝑁 𝛽 = −𝑖𝑁 𝛽 𝑅∞

𝛼 =
2𝑅∞ + 𝑅

2𝐿
𝜔 = 𝛼2 −

2

𝐿𝐶

𝜇 = −𝛼 + 𝜔
𝜆 = −𝛼 − 𝜔

𝐼 𝛽 = 𝑖𝐹 𝛽 + 𝑖𝑁 𝛽

𝛽0 𝑅

2

𝑗𝑋

2

−𝑗

𝐵

𝑖𝐹(𝛽)

𝑣𝐹(𝛽)

𝑅∞
𝑣2

𝐹

+ 𝑣𝑠𝑤
𝐹 −

𝛽0 𝑅

2

𝑠𝐿

2

1

𝑠𝐶

𝐼(𝑠) +
-

+-
𝐿

2
𝑖0

𝑉𝐶0

𝑠

𝑅∞
𝑣2

𝑁

+ 𝑣𝑠𝑤
𝑁 −

𝑣𝐹(𝛽) = 2 sin 𝛽
𝑠𝑖𝑛𝑐𝑒 𝑅∞ 𝑖𝑠 𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑙𝑦 = ∞
𝑍𝑖𝑛

′ = ∞
∴
𝑖𝐹 𝛽 = 0
𝑣2

𝐹 𝛽 = 0
𝑣𝑠𝑤

𝐹 𝛽 = 𝑣(𝛽)

𝑣𝑠𝑤
𝐹 𝛽 = 𝑣𝐹(𝛽)

total response

𝑉 𝛽 = 𝑣𝐹 𝛽 + 𝑣𝑁 𝛽

𝐼𝑠𝑤 𝛽 = 𝑖𝑁 𝛽 𝑉𝑠𝑤 𝛽 = 𝑣𝐹(𝛽) − 𝑖𝑁 𝛽 𝑅∞



Questions or Comments …

contact us

http://www.3phaseee.com/contact

